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1. INTRODUCTION 
Let Y be the group presented by the Coxeter graph 
together with the additional relation 
1= (ab,c,abzc,ab,c3)‘? 
Let Ypor be the subgroup of Y generated by a and 
thefirstpof6,,c,,d,,e,,f,, 
the first q of b,, c2, d2, e2, f2, and 
the first r of b,, cj, d3, e3, f3. 
In [2], Conway, Norton, and Soicher show that the Bimonster A4 wr 2 
(the wreathed square of the Fischer-Griess Monster group M) is a 
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homomorphic image of Y (= Y,,,), such that the image of Ydd4 is also 
A4 wr 2. We start this paper by showing that Y,,, = Y. Many properties of 
Y,,, are determined in [2], and it is conjectured that Y,,, is isomorphic to 
the Bimonster. The Bimonster image of Y,,, is M x 2, and the main result 
of this paper is the following: 
THEOREM. If Y,,, N M x 2 then Y 2: M wr 2. 
Remarks 
A subgroup H of Y is said to be correct if H is isomorphic to its 
Bimonster image. It has not yet been proven that Y,,, is correct (Mx 2), 
but even if this turns out to be false, the proof of our theorem shows that if 
we adjoin sufficient relations to Y to make Y,,, correct, then Y itself will be 
correct (M wr 2). 
It has been shown that Y,,, is the correct group 3Fi,,, first by Djokovic 
using a computer coset enumeration of 920,808 cosets, and then by 
Conway, Norton, and Pritchard (see [ 33) by working in a certain hyper- 
bolic reflection group. We note that Y,,, N 3? O,(3): 2, Y,,, N O,+(3): 2, 
and Y,,, N O,i(2): 2 ( see [l, pp. 232-233; 21, where many subgroups of Y 
are described). 
This paper makes use of some coset enumerations performed by the 
author’s “HLT with lookahead” enumerator, implemented on a Concordia 
University VAX-11/780. These calculations should be relatively easy to 
duplicate. 
The reader is warned that the notation Y, Ypqr is used in slightly different 
ways in [l-3] and the present paper. We use the ATLAS conventions [l] 
for group structures. 
2. y444 = y555 
We now prove the following: 
PROPOSITION. Y+= YSqr ifq22, r> 1. 
Proof: The generators of Y,,, satisfy the Coxeter relations of Y,,,, 
1= (abiciabzc2abSc3)10, and 1 = (el(ab,c,d,62c,b,)9)3 (see [Z]). A (com- 
puter) coset enumeration using only these relations shows that Y,,, has 
index 1 in Y,,,. Therefore Y5** = Y,,, N O,+(3): 2, in which the relation 
fi = (ab,c,d,b,c,b,)’ can be verified. 
It follows from the proposition that Ydd4 = Y, since the S3 permuting the 
subscripts of the generators of Y induces automorphisms of Y. 
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Note that Y cannot be extended by extending the “arms” of its Coxeter 
graph in the obvious way, for then we would have an involution centraliz- 
ing Ydd4, but not centralizing Y. 
3. PRESENTATIONS FOR A,, wr2 
We start the proof of our main theorem by giving a sequence of presen- 
tations for the groups A, wr 2. For n up to 12 these presentations are 
visible in Y after a redundant generator is introduced, and under the 
assumption that Y,,, is correct. 
For n > 4 let X, be the group presented by 
(WY l 
. . ..- 1 1 = w3 = [w, XJ = [w, x33, 
x2 13 14 ‘.‘X.-, X” 
x2= (wx,)~, oxI= 0-l for i= 5, . . . . n). 
(Note that this notation includes Coxeter relations for x2, . . . . x,.) Then 
A, wr 2 = ((x, y) E A, x A,, T I 1 = ?2, (x, y)’ = (y, x)) 
is an image of X, by a homomorphism taking 
w to ((1 2 3), (1 2 3)), 
x2 to 7, 
x3 to ((1 2 3), (1 3 2))r, and 
xito ((1 2)(i- 1 i), (1 2)(i- 1 i))s for i = 4, . . . . n. 
We can prove that, in fact, X,, N A,, wr 2 for all n > 4, but for the purpose 
of the present paper it sufftces to check, via a series of easy coset 
enumerations, that X,, N A,, wr 2. 
4. ADDING A REDUNDANT GENERATOR TO Y 
For the rest of the paper we assume that (Y,,, =) Y,, N M x 2. 
Let w be a generator of the O,-subgroup of Y,,, N 3Fi,,. We adjoin the 
redundant generator w to Y, and observe that the following relations (*) 
hold: 
(1) The Coxeter relations of Y555, 
t2) f3 = (ablb2c2b3c3d3)9~ 
(3) 1=w3, 
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(4) o is inverted by each of the generators a, b,, c,, d,, e,, fi, bz, 
c2, d2, e2, .f2, b3, c3 of Yss2, 
(5) o commutes with e3 and f3, and 
(6) f3 = (0413. 
Relations (1) to (5) follow from the preceding discussion. To prove (6), we 
note that o and d, are contained in the Y,,,-centralizer of Y,,,’ N O,;(2), 
and since we assume that Y,,, N A4 x 2, we deduce that (w, d,) <A, x 2 
(see [2]). Since d3 is in the outer half of Y,,, and o is not, it follows that 
(od,)3 = (central involution of Y,,,) =f3. 
We now set up some notation. Let Hi be the group generated by u, b,, ci, 
div ei, fi, 63, ~3, d3, e3, f3, o (i=1,2). Then A,,wr2zH,= 
(H,,x HiR)(f3), such that Hi, 1: Hi, N A,,, and H,, and H,, intersect 
(a, b,, c3, d3, e3,f3, w) (“A, wr2) in the same copy of A,. Let 
G, = (H,,, H,,) and G,= <HI,, H,,). Then (G,, GR) is the com- 
mutator subgroup Y’ of index 2 in Y, and G, and G, are interchanged by 
f3. We will show that G, centralizes G,. 
From the structure of the Hi, we may take G, to be generated by 
elements xL, and G, to be generated by elements xR =x2, for 
XE {a,b,,c,,d,,e,,f,,b,,c2,d2,e2,f2,b3,c3,d3,0), such that xLxR=xf3 
for x #o, and mLmR = o. The xL, xR are taken to be the uniquely 
determined such elements in an Hi containing x, such that xL E Hi, (of 
course, for x E {a, b,, c3, d,, o}, the choice of Hi is immaterial). 
To show that G, centralizes G, we must show that an arbitrary pair 
xL, y, commute. Much of this commuting is already known to take place 
inside the Hi, and in fact, given also the (1 2)-symmetry of Y, to show that 
G, centralizes G, it is sufficient to show that (b,,, cIL, dlL, elL, fiL) 
centralizes (b,,, cZR, d,,, eZR, fZR). We shall do so in Sections 5 and 6. 
5. A PRESENTATION FOR 0,(2)wr2 
We will verify certain commuting relations which hold in a subgroup 
O,(2) wr 2 of Y. The Bimonster image of 
Q= <a,bl,b2, c2,4,b3,c3, 4,e3,f3,0) 
is O,(2) wr 2, and we will show that, indeed, Q N O,(2) wr 2. 
We consider all the relations of (*) above which involve only generators 
of Q, and show that these relations suffice to define O,(2) wr 2. Using only 
these relations we enumerate (by computer) 10,880 cosets of 
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in Q. Let 0 = e,fjo. It can be seen in the groups Hi that R normalizes the 
group (0) of order 3, and so the conjugacy class Be has size at most 
21,760, which is precisely the size of the class of the image of 0 in the image 
O,(2) wr 2. Thus 0 has precisely 21,760 conjugates in Q, and Q acts on 
these 21,760 points as O,(2) wr 2. It is easily seen (within the Hi) that eQ 
generates the commutator subgroup Q’, Q’ is perfect, and Q/Q’ has order 
2. Let S be the intersection of Q’ with the kernel of the action of Q on op. 
Then S centralizes Q’, and so Q’ has shape S. (O,(2) x O,(2)), with S a 
quotient of the Schur multiplier Mult(0,(2) x O,(2)). Since Mult(OJ2)) is 
trivial, and for finite perfect groups A and B, Mult(A x B) N Mult(A) x 
Mult(B), we conclude that S is trivial, and so Q ‘v O,(2) wr 2. 
In Q we observe that < blL, b,,) centralizes (bzL, bzR, czL, cZR, 
dzL, 4R >. 
6. G, CENTRALIZES GR 
We next show that (b,,, b,,) centralizes (ezL, ezR). In H, we see that 
ezL=(dzRe2fd3 and e2R= (dzLe2f3J3. In the group Q above, (dzL,dZR) 
centralizes (b,,, blR). Furthermore, the relations (*) imply that e2 nor- 
malizes H,, extending H, to 4(S,, x S,2): 2, in which e, interchanges b,, 
and blL, as does f3. Therefore ezf3 centralizes (blL, b,,), and so 
<ezLy eZR) does as well. Similarly, (b,,, b,,) centralizes (fzL, fzR). 
Next consider cIL = (blRc, f3)3, and c,~ = (b,,c, f3)'. Analogous 
arguments to those above show that (cIL, cIR) centralizes (bzL, b,,, 
CZL9 c ZR, 4L, ‘&RI ezLy e2R9 f2L, f2R) = T (say), and similarly, Cdl,, bR, 
elL9 elRT fiL, fiR) centralizes T. We conclude that G, centralizes G,. 
7. IDENTIFYING Y 
We now know that Y is some central product of G, and GR, extended 
by f3, which interchanges GL and G,. We will show that ME G,. 
Each element of Y’ can be written as a product Ap, with leGL and 
p E G,. There is a homomorphism cp from G, onto the subgroup of Y’ con- 
sisting of elements of the form Mb (1 E GL), such that cp(;l) = Il-‘j. Since G, 
is generated by the elements xL, cp(G,) is generated by the products xLxR 
(x E {a, b,, ~1, 4, el, fi, b2, c2, d2, e2, f2, b3, c3, d3, w>). Therefore 
cp(G,) = Y553’9 which is isomorphic to A4 by hypothesis. 
Now let c1 be an arbitrary element of the kernel K of cp, and let B = ah. 
Then ap = 1, and a = 8-l is an element of G,, and so centralizes G,. Now 
G, of shape K.M is generated by two copies of A12, and so G, is perfect, 
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and K, centralizing GL, must be a quotient of the Schur multiplier 
of M. But the multiplier of A4 is trivial, and thus A4 N G, ( =GR), and 
Y-Mwr2. 
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